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Uniformly convex Banach space
a b s t r a c t
In this paper, we study a new iteration process for a finite family of nonself asymptotically
nonexpansive mappings with errors in Banach spaces. We prove some weak and strong
convergence theorems for this new iteration process. The results of this paper improve
and extend the corresponding results of Chidume et al. (2003) [10], Osilike and Aniagbosor
(2000) [3], Schu (1991) [4], Takahashi and Kim (1998) [9], Tian et al. (2007) [18], Wang
(2006) [11], Yang (2007) [17] and others.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
We assume that E is a real normed space and K is a nonempty subset of E. A mapping T : K → K is called nonexpansive
if
‖Tx− Ty‖ ≤ ‖x− y‖ (1.1)
for all x, y ∈ K . A mapping T : K → K is called asymptotically nonexpansive [1] if there exists a sequence limn→∞ kn = 1
such that
‖T nx− T ny‖ ≤ kn‖x− y‖ (1.2)
for all x, y ∈ K and n ≥ 1. The class of asymptotically nonexpansive mappings is a natural generalization of the important
class of nonexpansivemappings. Goebel andKirk [1] proved that ifK is a nonempty closed and bounded subset of a uniformly
convex Banach space, then every asymptotically nonexpansive self-mapping has a fixed point.
Iterative techniques for asymptotically nonexpansive self-mappings in Banach spaces includingMann type and Ishikawa
type iteration processes have been studied extensively by various authors; see for example [1–5]. However, if the domain
of T , D(T ), is a proper subset of E (and this is the case in several applications), and T maps D(T ) into E, then the iteration
processes of Mann type and Ishikawa type studied by these authors, and their modifications introduced may fail to be well
defined.
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A subset K of E is said to be a retract of E if there exists a continuous map P : E → K such that Px = x, for all x ∈ K . Every
closed convex set of a uniformly convex Banach space is a retract. A map P : E → K is said to be a retraction if P2 = P . It
follows that if a map P is a retraction, then Py = y for all y ∈ R(P) in the range of P .
For nonself nonexpansive mappings, some authors (see, e.g., [6–9]) have studied the strong and weak convergence
theorems in Hilbert space or uniformly convex Banach spaces. The concept of nonself asymptotically nonexpansive
mappings was introduced by Chidume [10] in 2003 as the generalization of asymptotically nonexpansive self-mappings.
The nonself asymptotically nonexpansive mapping is defined as follows.
Definition 1 ([10]). Let K be a nonempty subset of real normed linear space E. Let P : E → K be a nonexpansive retraction
of E onto K . A nonself mapping T : K → E is called asymptotically nonexpansive if there exists a sequence {kn} ⊂ [1,∞),
kn → 1 (n →∞) such that
‖T (PT )n−1x− T (PT )n−1y‖ ≤ kn‖x− y‖ (1.3)
for all and n ≥ 1.
T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that
‖T (PT )n−1x− T (PT )n−1y‖ ≤ L‖x− y‖ (1.4)
for all and n ≥ 1.
If T is a self-mapping, then P becomes the identity mapping so that (1.3) reduces (1.2).
In [10], they study the following iterative sequence
x1 ∈ K , xn+1 = P((1− αn)xn + αnT (PT )n−1xn), n ≥ 1, (1.5)
to approximate some fixed point of T under suitable conditions. In [11], Wang generalizes the iteration process (1.5) as
follows
x1 ∈ K ,
xn+1 = P((1− αn)xn + αnT1(PT1)n−1yn)
yn = P((1− βn)xn + βnT2(PT2)n−1xn), n ≥ 1
(1.6)
where T1, T2 : K → E are nonself asymptotically nonexpansive mappings and {αn}, {βn} are sequences in [0, 1]. He studied
the strong and weak convergence of the iterative scheme (1.6) under proper conditions. Meanwhile, the results of [11]
generalized the results of [10].
In 1995, Liu [12] introduced iterative schemes with errors as follows:
For nonempty subset K of a normed space E and T : K → K , the sequence {xn} in K , iteratively defined by
(a)

x1 = x ∈ K ,
xn+1 = (1− an)xn + anTxn + un, n ≥ 1, (1.7)
where {an} is a sequence in [0, 1] and {un} is a sequence in E with∑∞n=1 ‖un‖ < ∞, is known as Mann iterative scheme
with errors.
(b)
x1 = x ∈ K ,
xn+1 = (1− an)xn + anTyn + un,
yn = (1− bn)xn + bnTxn + vn, n ≥ 1,
(1.8)
where {an}, {bn} are sequences in [0, 1] and {un}, {vn} are sequences in E satisfying∑∞n=1 ‖un‖ <∞,∑∞n=1 ‖vn‖ <∞ and
is known as Ishikawa iterative scheme with errors.
In 1998, Xu [13] introduced a more satisfactory error term in the following iterative schemes:
(c)

x1 ∈ K ,
xn+1 = anxn + bnTxn + cnun, n ≥ 0 (1.9)
where {un} is a bounded sequence in K and an + bn + cn = 1, is known as Mann iterative scheme with errors.
(d)

x1 ∈ K ,
xn+1 = anxn + bnTyn + cnun,




nvn, n ≥ 0
(1.10)
where {un}, {vn} are bounded sequences in K and an + bn + cn = 1 = a′n + b′n + c ′n, is known as Ishikawa iterative scheme
with errors.
In [14], Tan and Xu introduced a modified Ishikawa process to approximate fixed points of nonexpansive self-mappings
defined onnonempty closed convex bounded subsets of a uniformly convexBanach space E. Recently, Shahzad [15] extended
Tan and Xu’s results [[14], Theorem 1, p. 305] to the case of nonexpansive nonself mapping in a uniformly convex Banach
space.
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In recent years, Peng [16] proved the convergence of finite step iterative sequences with mean errors for asymptotically
quasi-nonexpansive mappings in Banach spaces. In 2007, Yang [17] introduced a modified multistep iterative process for
some common fixed point of a finite family of nonself asymptotically nonexpansive mappings on nonempty closed convex
bounded subsets of a real uniformly convex Banach space. In the same year, Tian et al. [18] proved convergence to a common
fixed point for a finite family of nonself asymptotically quasi-nonexpansive-type mappings in Banach spaces.
Inspired and motivated by these facts, we define and study the convergence theorems of finite step iterative sequences
with errors for nonself asymptotically nonexpansive mappings in Banach spaces. The scheme (1.11) is defined as follows:
Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E which is also a
nonexpansive retract of E. Let Ti : K → E (i = 1, 2, . . . , r) be nonself asymptotically nonexpansive mappings of E with
sequences {kn} ⊂ [1,∞) such that∑∞n=1(kn−1) <∞, andri=1 F(Ti) ≠ ∅. Suppose {xn} is generated for r ≥ 3 iteratively
by x1 ∈ K ,
yn = P((1− anr − µnr)xn + anrTr(PTr)n−1xn + µnrwnr),
yn+1 = P((1− an(r−1) − bn(r−1) − µn(r−1))xn + an(r−1)Tr−1(PTr−1)n−1yn
+ bn(r−1)Tr−1(PTr−1)n−1xn + µn(r−1)wn(r−1)),
yn+2 = P((1− an(r−2) − bn(r−2) − µn(r−2))xn + an(r−2)Tr−2(PTr−2)n−1yn+1
+ bn(r−2)Tr−2(PTr−2)n−1yn + µn(r−2)wn(r−2)),
...
yn+r−2 = P((1− an2 − bn2 − µn2)xn + an2T2(PT2)n−1yn+r−3 + bn2T2(PT2)n−1yn+r−4 + µn2wn2),
xn+1 = P((1− an1 − bn1 − µn1)xn + an1T1(PT1)n−1yn+r−2 + bn1T1(PT1)n−1yn+r−3 + µn1wn1),
n ≥ 1, (1.11)
where {ani}, {bni}, {µni} and {1− ani − bni −µni} are appropriate sequences in [0, 1] and {wni} are bounded sequences in K .
The purpose of this paper is to study the convergence theorems of finite step iterative sequences with errors for nonself
asymptotically nonexpansive mappings in Banach spaces. The results of this paper improve and extend the corresponding
results of [10,3,4,9,18,11,17] and others.
Now, we recall the well-known concept and results.





 : ‖x‖ = ‖y‖ = 1, ε = ‖x− y‖ .
Banach space E is uniformly convex if and only if δE(ε) > 0 for all ε ∈ (0, 2].
Recall that a Banach space E said to satisfy Opial’s condition [19] if xn → xweakly as n →∞ and x ≠ y imply that
lim
n→∞ sup ‖xn − x‖ < limn→∞ sup ‖xn − y‖.
The mapping T : K → E with F(T ) ≠ ∅ is said to satisfy condition (A) [20] if there is a nondecreasing function
f : [0,∞)→ [0,∞)with f (0) = 0, f (t) > 0 for all t ∈ (0,∞) such that
‖x− Tx‖ ≥ f (d(x, F(T )))
for all x ∈ K . For an example of nonexpansive mappings satisfying condition (A), where d(x, F(T )) = inf{‖x − x∗‖ : x∗ ∈
F(T )}, see [20], p. 337.
Senter and Dotson [20] have approximated fixed points of a nonexpansive mapping T by Mann iterates whereas Maiti
and Ghosh [21] and Tan and Xu [14] have approximated fixed points using Ishikawa iterates under condition (A) of Senter
and Dotson [20]. Tan and Xu [14] pointed out that condition (A) is weaker than the compactness of K .
Khan and Fukhar-ud-din [22] extended condition (A) to the case of two mappings for the first time as follows:
Two mappings T , S : K → E are said to satisfy condition (A′) [22] if there is a nondecreasing function f : [0,∞) →
[0,∞)with f (0) = 0, f (t) > 0 for all t ∈ (0,∞) such that
1
2
(‖x− Tx‖ + ‖x− Sx‖) ≥ f (d(x, F))
for all x ∈ K where d(x, F) = inf{‖x− x∗‖ : x∗ ∈ F = F(S) ∩ F(T )}.
Yang [17] further extended the idea of Khan and Fukhar-ud-din [22] to a finite family of nonself asymptotically
nonexpansive mappings as follows:
Let K be a nonempty subset of E, the mappings Ti : K → E (i = 1, 2, . . . , r) are said to satisfy condition(A′) if there exists
a nondecreasing function f : [0,∞)→ [0,∞)with f (0) = 0, f (t) > 0 for all t > 0 such that
1
r
(‖x− T1x‖ + ‖x− T2x‖ + · · · + ‖x− Trx‖) ≥ f (d(x, F))
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for all x ∈ K , where F =ri=1 F(Ti). We know that condition(A′) is weaker than the compactness of K , and condition (A) is a
special case of condition(A
′
) for Ti = T , i = 1, 2, . . . , r . We shall use condition (A′) instead of compactness of K to study the
strong convergence of {xn} defined in (1.11).
In what follows, we need the following useful known lemmas to prove our main results.
Lemma 1 ([14]). Let {an}, {bn} and {δn} be sequences of nonnegative real numbers satisfying the inequality
an+1 ≤ (1+ δn)an + bn, n ≥ 1.
If
∑∞
n=1 bn <∞ and
∑∞
n=1 δn <∞, then
(i) limn→∞ an exists.
(ii) In particular, if {an} has a subsequence {ank} converging to 0, then limn→∞ an = 0.
Lemma 2 ([23]). Let E be a uniformly convex Banach space and BR = {x ∈ E : ‖x‖ ≤ R}, R > 0. Then there exists a continuous,
strictly increasing, and convex function g : [0,∞)→ [0,∞), g(0) = 0 such that
‖αx+ βy+ γ z + λw‖2 ≤ α‖x‖2 + β‖y‖2 + γ ‖z‖2 + λ‖w‖2 − αβg(‖x− y‖),
for all x, y, z, w ∈ BR, and all α, β, γ , λ ∈ [0, 1] with α + β + γ + λ = 1.
Lemma 3 ([24]). Let E be a uniformly convex Banach space, K a nonempty closed convex subset of E, and T : K → E be a
nonexpansive mapping. Then (I − T ) is demiclosed at zero, i.e., if xn → x weakly and xn − Txn → 0 strongly, then x ∈ F(T ),
where F(T ) is the set of fixed points of T .
Lemma 4 ([25]). Let E be a Banach space which satisfies Opial’s condition and let {xn} be a sequence in E. Let u, v ∈ E be such
that limn→∞ ‖xn − u‖ and limn→∞ ‖xn − v‖ exist. If {xnk} and {xmk} are subsequences of {xn} which converge weakly to u and
v, respectively, then u = v.
2. Main results
In this section, we prove the convergence theorems of finite step iterative sequences with errors of the new iterative
scheme (1.11) for nonself asymptotically nonexpansive mappings in Banach spaces. In order to prove our main results, the
following lemmas are needed.
Lemma 5. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E which is also a
nonexpansive retract of E. Let Ti : K → E (i = 1, 2, . . . , r) be nonself asymptotically nonexpansive mappings of E with
sequences {kn} ⊂ [1,∞) such that∑∞n=1(kn−1) <∞, andri=1 F(Ti) ≠ ∅. Suppose that {ani}, {bni} and {µni} are appropriate
sequences in [0, 1] and {wni} are bounded sequence in K such that∑∞n=1 µni <∞. For an arbitrary x1 ∈ K , define the sequences{xn} and {yn} by the recursion (1.11). Then limn→∞ ‖xn − x∗‖ exists for all x∗ ∈ri=1 F(Ti).
Proof. For the sake of convenience, we prove the conclusion only for the case of r = 3 and then the other cases can be
proved in the same way.
Let x∗ ∈ri=1 F(Ti) and
M = sup
n≥1
‖wni − x∗‖, (i = 1, 2, 3).
For each n ≥ 1, using (1.11), we have,
‖yn − x∗‖ = ‖P((1− an3 − µn3)xn + an3T3(PT3)n−1xn + µn3wn3)− x∗‖
≤ ‖(1− an3 − µn3)xn + an3T3(PT3)n−1xn + µn3wn3 − x∗‖
≤ (1− an3 − µn3)‖xn − x∗‖ + an3‖T3(PT3)n−1xn − x∗‖ + µn3‖wn3 − x∗‖
≤ (1− an3 − µn3)‖xn − x∗‖ + an3kn‖xn − x∗‖ + µn3‖wn3 − x∗‖
≤ kn‖xn − x∗‖ + µn3M
= kn‖xn − x∗‖ + ϕn(1), (2.1)
where ϕn(1) = µn3M . Using a similar method, together with (2.1), we have
‖yn+1 − x∗‖ = ‖P((1− an2 − bn2 − µn2)xn + an2T2(PT2)n−1yn + bn2T2(PT2)n−1xn + µn2wn2)− x∗‖
≤ ‖(1− an2 − bn2 − µn2)xn + an2T2(PT2)n−1yn + bn2T2(PT2)n−1xn + µn2wn2 − x∗‖
≤ (1− an2 − bn2 − µn2)‖xn − x∗‖ + an2kn‖yn − x∗‖ + bn2kn‖xn − x∗‖ + µn2‖wn2 − x∗‖
≤ (1− an2 − bn2 − µn2)‖xn − x∗‖ + an2kn(kn‖xn − x∗‖ +Mµn3)+ bn2kn‖xn − x∗‖ + µn2M
≤ k2n‖xn − x∗‖ + knµn3M + µn2M
= k2n‖xn − x∗‖ + ϕn(2), (2.2)
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where ϕn(2) = knϕn(1) + µn2M . From (1.11) and (2.2) we have
‖xn+1 − x∗‖ = ‖P((1− an1 − bn1 − µn1)xn + an1T1(PT1)n−1yn+1 + bn1T1(PT1)n−1yn + µn1wn1)− x∗‖
≤ ‖(1− an1 − bn1 − µn1)xn + an1T1(PT1)n−1yn+1 + bn1T1(PT1)n−1yn + µn1wn1 − x∗‖
≤ (1− an1 − bn1 − µn1)‖xn − x∗‖ + an1kn‖yn+1 − x∗‖ + bn1kn‖yn − x∗‖ + µn1‖wn1 − x∗‖
≤ (1− an1 − bn1 − µn1)‖xn − x∗‖ + an1kn(k2n‖xn − x∗‖ + ϕn(2))
+ bn1kn(kn‖xn − x∗‖ + µn3M)+ µn1‖wn1 − x∗‖
≤ (1− an1 − bn1 − µn1)‖xn − x∗‖ + an1k3n‖xn − x∗‖ + an1knϕn(2)
+ bn1k2n‖xn − x∗‖ + bn1knµn3M + µn1M
≤ k3n‖xn − x∗‖ + knϕn(2) + µn1M
= k3n‖xn − x∗‖ + ϕn(3) (2.3)
where ϕn(3) = knϕn(2) + µn1M .
By induction, it follows from (1.11) and (2.1)–(2.3) that
‖yn+j − x∗‖ ≤ kj+1n ‖xn − x∗‖ + ϕn(j+1) for j = 1, 2, . . . , r − 2. (2.4)
Therefore, by (1.11) and (2.4) we have
‖xn+1 − x∗‖ = ‖P((1− an1 − bn1 − µn1)xn + an1T1(PT1)n−1yn+r−2 + bn1T1(PT1)n−1yn+r−3 + µn1wn1)− x∗‖
≤ krn‖xn − x∗‖ + ϕn(r)
= (1+ (krn − 1))‖xn − x∗‖ + ϕn(r). (2.5)
Note that
∑∞
n=1(kn − 1) < ∞ is equivalent to
∑∞
n=1(krn − 1) < ∞, also since
∑∞





Therefore, we obtained from (2.5) and Lemma 1(i) that limn→∞ ‖xn − x∗‖ exists. This completes the proof. 
Lemma 6. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E which is also a
nonexpansive retract of E. Let Ti : K → E (i = 1, 2, . . . , r) be nonself asymptotically nonexpansive mappings of E with
sequences {kn} ⊂ [1,∞) such that∑∞n=1(kn−1) <∞, andri=1 F(Ti) ≠ ∅. Suppose that {ani}, {bni} and {µni} are appropriate
sequences in [0, 1] and {wni} are bounded sequences in K such that ∑∞n=1 µni < ∞. For an arbitrary x1 ∈ K, define the
sequences {xn} and {yn} by the recursion (1.11). Suppose that 0 < lim infn→∞ ank for all k < r and 0 < lim infn→∞ anr <
lim supn→∞ anr < 1, then limn→∞ ‖Tr(PTr)n−1xn − xn‖ = 0.
Proof. Let x∗ ∈ ri=1 F(Ti). Then, by Lemma 5, limn→∞ ‖xn − x∗‖ exists. Let limn→∞ ‖xn − x∗‖ = t . If t = 0, then by the
continuity of Ti conclusion follows. Now suppose t > 0. We claim that
lim
n→∞ ‖Tr(PTr)
n−1xn − xn‖ = 0.
Since {xn} is bounded, {yn+j} (j = 0, 1, 2, . . . , r − 2) are also bounded by (2.4). Thus there exists R > 0 such that xn− x∗,
yn+j− x∗ ∈ BR(0) (j = 0, 1, 2, . . . , r − 2) for all n ≥ 1. Since Ti is nonself asymptotically nonexpansive, it is easily seen that
{Tj(PTj)n−1yn+r−j−2 − x∗}, {Tj(PTj)n−1yn+r−j−1 − x∗}, {Tr−1(PTr−1)n−1yn − x∗}, {Tr(PTr)n−1xn − x∗} are also bounded, for all
n ≥ 1 and j = 0, 1, 2, . . . , r − 2. It follows from (1.11) and Lemma 2 that
‖xn+1 − x∗‖2 = ‖P((1− an1 − bn1 − µn1)xn + an1T1(PT1)n−1yn+r−2 + bn1T1(PT1)n−1yn+r−3 + µn1wn1)− x∗‖2
≤ ‖(1− an1 − bn1 − µn1)xn + an1T1(PT1)n−1yn+r−2 + bn1T1(PT1)n−1yn+r−3 + µn1wn1 − x∗‖2
≤ (1− an1 − bn1 − µn1)‖xn − x∗‖2 + an1‖T1(PT1)n−1yn+r−2 − x∗‖2
+ bn1‖T1(PT1)n−1yn+r−3 − x∗‖2 + µn1‖wn1 − x∗‖2
− (1− an1 − bn1 − µn1)(an1)g(‖T1(PT1)n−1yn+r−2 − xn‖)
≤ (1− an1 − bn1 − µn1)‖xn − x∗‖2 + an1‖T1(PT1)n−1yn+r−2 − x∗‖2
+ bn1‖T1(PT1)n−1yn+r−3 − x∗‖2 + µn1‖wn1 − x∗‖2
≤ ‖T1(PT1)n−1yn+r−2 − x∗‖2 + µn1‖wn1 − x∗‖2
≤ ‖T1(PT1)n−1yn+r−2 − x∗‖2 + µn1M2, (2.6)
and
‖T1(PT1)n−1yn+r−2 − x∗‖2 ≤ k2n‖yn+r−2 − x∗‖2
≤ k2n‖(1− an2 − bn2 − µn2)xn + an2T2(PT2)n−1yn+r−3
+ bn2T2(PT2)n−1yn+r−4 + µn2wn2 − x∗‖2
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≤ k2n[(1− an2 − bn2 − µn2)‖xn − x∗‖2 + an2‖T2(PT2)n−1yn+r−3 − x∗‖2
+ bn2‖T2(PT2)n−1yn+r−4 − x∗‖2 + µn2‖wn2 − x∗‖2]
− k2n(1− an2 − bn2 − µn2)(an2)g(‖T2(PT2)n−1yn+r−3 − xn‖)
≤ k2n[(1− an2 − bn2 − µn2)‖xn − x∗‖2 + an2‖T2(PT2)n−1yn+r−3 − x∗‖2
+ bn2‖T2(PT2)n−1yn+r−4 − x∗‖2 + µn2‖wn2 − x∗‖2]
≤ k2n[‖T2(PT2)n−1yn+r−3 − x∗‖2 + µn2‖wn2 − x∗‖2]
≤ k2n‖T2(PT2)n−1yn+r−3 − x∗‖2 + k2nµn2M2, (2.7)
and
‖T2(PT2)n−1yn+r−3 − x∗‖2 ≤ k2n‖yn+r−3 − x∗‖2
≤ k2n‖(1− an3 − bn3 − µn3)xn + an3T3(PT3)n−1yn+r−4
+ bn3T3(PT3)n−1yn+r−5 + µn3wn3 − x∗‖2
≤ k2n[(1− an3 − bn3 − µn3)‖xn − x∗‖2 + an3‖T3(PT3)n−1yn+r−4 − x∗‖2
+ bn3‖T3(PT3)n−1yn+r−5 − x∗‖2 + µn3‖wn3 − x∗‖2]
− k2n(1− an3 − bn3 − µn3)(an3)g(‖T3(PT3)n−1yn+r−4 − xn‖)
≤ k2n[(1− an3 − bn3 − µn3)‖xn − x∗‖2 + an3‖T3(PT3)n−1yn+r−4 − x∗‖2
+ bn3‖T3(PT3)n−1yn+r−5 − x∗‖2 + µn3‖wn3 − x∗‖2]
≤ k2n[‖T3(PT3)n−1yn+r−4 − x∗‖2 + µn3‖wn3 − x∗‖2]
≤ k2n‖T3(PT3)n−1yn+r−4 − x∗‖2 + k2nµn3M2, (2.8)
...,
similarly, we can prove that
‖Tr−2(PTr−2)n−1yn+1 − x∗‖2 ≤ k2n‖yn+1 − x∗‖2
≤ k2n‖Tr−1(PTr−1)n−1yn − x∗‖2 + k2nµn(r−1)M2, (2.9)
and,
‖Tr−1(PTr−1)n−1yn − x∗‖2 ≤ k2n‖yn − x∗‖2
≤ k2n‖(1− anr − µnr)xn + anrTr(PTr)n−1xn + µnrwnr − x∗‖2
≤ k2n‖(1− anr − µnr)(xn − x∗)+ anr(Tr(PTr)n−1xn − x∗)+ µnr(wnr − x∗)‖2
≤ k2n[(1− anr − µnr)‖xn − x∗‖2 + anr‖Tr(PTr)n−1xn − x∗‖2
+µnr‖wnr − x∗‖2 − (1− anr − µnr)(anr)g(‖Tr(PTr)n−1xn − xn‖)]
≤ k2n[(1− anr − µnr)‖xn − x∗‖2 + anrk2n‖xn − x∗‖2
+µnr‖wnr − x∗‖2 − (1− anr − µnr)(anr)g(‖Tr(PTr)n−1xn − xn‖)]
≤ k2n‖xn − x∗‖2 − k2n(1− anr − µnr)(anr)g(‖Tr(PTr)n−1xn − xn‖)
+k2nµnrM2. (2.10)
By using (2.6)–(2.10), we have
‖xn+1 − x∗‖2 ≤ ‖T1(PT1)n−1yn+r−2 − x∗‖2 + µn1M2
≤ k2n[‖T2(PT2)n−1yn+r−3 − x∗‖2 + µn2M2] + µn1M2
≤ k2nk2n[‖T3(PT3)n−1yn+r−4 − x∗‖2 + µn3M2] + k2nµn2M2 + µn1M2
= k4n‖T3(PT3)n−1yn+r−4 − x∗‖2 + k4nµn3M2 + k2nµn2M2 + µn1M2
...
≤ k2rn ‖xn − x∗‖2 − k2rn (1− anr − µnr)(anr)g(‖Tr(PTr)n−1xn − xn‖)
+ k2rn µnrM2 + · · · + k4nµn3M2 + k2nµn2M2 + µn1M2
= ‖xn − x∗‖2 + (k2rn − 1)‖xn − x∗‖2 − k2rn (1− anr − µnr)(anr)g(‖Tr(PTr)n−1xn − xn‖)+ Γn, (2.11)
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where Γn = k2rn µnrM2+· · ·+k4nµn3M2+k2nµn2M2+µn1M2. Since
∑∞
n=1 µni <∞, and
∑∞
n=1(kn−1) <∞ is equivalent to∑∞
n=1(krn − 1) < ∞, we have
∑∞
n=1 Γn < ∞. Also, since 0 < lim infn→∞ ank for all k < r and 0 < lim infn→∞ anr <
lim supn→∞ anr < 1, there exist n0 ∈ N and m1,m2,m3,m4 ∈ (0, 1) such that 0 < m1 < anr < m2 < 1 and
0 < m3 < µnr < m4 < 1 for all n ≥ n0. It follows from (2.11) that
k2rn (1−m2 −m4)m1g(‖Tr(PTr)n−1xn − xn‖) ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + (k2rn − 1)‖xn − x∗‖2 + Γn
= ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + Γ ∗n ,
for all n > n0. Applying for λ ≥ n0, we have
λ−
n=n0






















n < ∞ and
∑∞
n=1(kn − 1) < ∞, by letting λ → ∞ we get
∑∞
n=n0 g(‖Tr(PTr)n−1xn − xn‖) < ∞, and
therefore limn→∞ g(‖Tr(PTr)n−1xn − xn‖) = 0. It follows that limn→∞ ‖Tr(PTr)n−1xn − xn‖ = 0. Similarly, we may show
that limn→∞ ‖Tj(PTj)n−1yn+r−(j+1) − xn‖ = 0 for j = 1, 2, 3, . . . , r − 1. So the proof is completed. 
Lemma 7. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E which is also a
nonexpansive retract of E. Let Ti : K → E (i = 1, 2, . . . , r) be nonself asymptotically nonexpansive mappings of E with
sequences {kn} ⊂ [1,∞) such that∑∞n=1(kn−1) <∞, andri=1 F(Ti) ≠ ∅. Suppose that {ani}, {bni} and {µni} are appropriate
sequences in [0, 1] and {wni} are bounded sequences in K such that∑∞n=1 µni <∞. For an arbitrary x1 ∈ K , define the sequences{xn} and {yn} by the recursion (1.11). Suppose that
(i) 0 < lim infn→∞ anr < lim supn→∞ anr < 1
(ii) 0 < lim infn→∞ anj < lim supn→∞(anj + bnj + µnj) < 1 for j = 1, 2, 3, . . . , r − 1.
Then limn→∞ ‖Tixn − xn‖ = 0 (i = 1, 2, . . . , r).
Proof. From Lemma 6, we have
lim
n→∞ ‖Tr(PTr)
n−1xn − xn‖ = 0,
lim
n→∞ ‖Tj(PTj)
n−1yn+r−(j+1) − xn‖ = 0, for j = 1, 2, 3, . . . , r − 1. (2.12)
By (1.11), and since P is nonexpansive retraction we have
‖yn − xn‖ = ‖P((1− anr − µnr)xn + anrTr(PTr)n−1xn + µnrwnr)− xn‖
≤ ‖(1− anr − µnr)xn + anrTr(PTr)n−1xn + µnrwnr − xn‖
≤ ‖anr(Tr(PTr)n−1xn − xn)+ µnr(wnr − xn)‖
≤ anr‖Tr(PTr)n−1xn − xn‖ + µnr‖wnr − xn‖
≤ anr‖Tr(PTr)n−1xn − xn‖ + µnrM,
and from (2.12) it implies that
lim
n→∞ ‖yn − xn‖ = 0. (2.13)
In (2.12), taking j = r−1, since Tr−1 are nonself asymptotically nonexpansivemappings, it follows from (2.13) that we have
‖Tr−1(PTr−1)n−1xn − xn‖ ≤ ‖Tr−1(PTr−1)n−1xn − Tr−1(PTr−1)n−1yn‖ + ‖Tr−1(PTr−1)n−1yn − xn‖
≤ kn‖xn − yn‖ + ‖Tr−1(PTr−1)n−1yn − xn‖
→ 0, as n →∞. (2.14)
On the other hand, by using (1.11), (2.12) and (2.14) we have
‖yn+1 − xn‖ = ‖P((1− an(r−1) − bn(r−1) − µn(r−1))xn + an(r−1)Tr−1(PTr−1)n−1yn
+ bn(r−1)Tr−1(PTr−1)n−1xn + µn(r−1)wn(r−1))− Pxn‖
≤ an(r−1)‖Tr−1(PTr−1)n−1yn − xn‖ + bn(r−1)‖Tr−1(PTr−1)n−1xn − xn‖ + µn(r−1)‖wn(r−1) − xn‖
≤ an(r−1)‖Tr−1(PTr−1)n−1yn − xn‖ + bn(r−1)‖Tr−1(PTr−1)n−1xn − xn‖ + µn(r−1)M
→ 0, as n →∞. (2.15)
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Therefore, from (2.12) and (2.15), we have
‖Tr−2(PTr−2)n−1xn − xn‖ ≤ ‖Tr−2(PTr−2)n−1xn − Tr−2(PTr−2)n−1yn+1‖ + ‖Tr−2(PTr−2)n−1yn+1 − xn‖
≤ kn‖xn − yn+1‖ + ‖Tr−2(PTr−2)n−1yn+1 − xn‖
→ 0, as n →∞, (2.16)
relations (2.13) and (2.16) imply that
‖Tr−2(PTr−2)n−1yn − xn‖ ≤ ‖Tr−2(PTr−2)n−1yn − Tr−2(PTr−2)n−1xn‖ + ‖Tr−2(PTr−2)n−1xn − xn‖
≤ kn‖yn − xn‖ + ‖Tr−2(PTr−2)n−1xn − xn‖
→ 0, as n →∞. (2.17)
Continuing in this fashion, we get
lim
n→∞ ‖Ti(PTi)




n−1yn+r−(i+2) − xn‖ = 0 (i = 1, 2, . . . , r − 2). (2.19)
It follows from (1.11), (2.12) and (2.19) that
‖xn+1 − xn‖ = ‖P((1− an1 − bn1 − µn1)xn + an1T1(PT1)n−1yn+r−2 + bn1T1(PT1)n−1yn+r−3 + µn1wn1)− Pxn‖
≤ an1‖T1(PT1)n−1yn+r−2 − xn‖ + bn1‖T1(PT1)n−1yn+r−3 − xn‖ + µn1‖wn1 − xn‖
≤ an1‖T1(PT1)n−1yn+r−2 − xn‖ + bn1‖T1(PT1)n−1yn+r−3 − xn‖ + µn1M
→ 0, as n →∞. (2.20)
It is known that every nonself asymptotically nonexpansivemapping is uniformly Lipschitzianwith some constant L > 1.
Therefore, by (2.18) and (2.20) (i = 1, 2, . . . , r), we get
‖Ti(PTi)n−2xn − xn‖ ≤ ‖Ti(PTi)n−2xn − Ti(PTi)n−2xn−1‖ + ‖Ti(PTi)n−2xn−1 − xn−1‖ + ‖xn−1 − xn‖
≤ (L+ 1)‖xn − xn−1‖ + ‖Ti(PTi)n−2xn−1 − xn−1‖
→ 0, as n →∞ (2.21)
and
‖xn − Tixn‖ ≤ ‖xn − Ti(PTi)n−1xn‖ + ‖Ti(PTi)n−1xn − Tixn‖
≤ ‖xn − Ti(PTi)n−1xn‖ + L‖Ti(PTi)n−2xn − xn‖.
Thus, it follows from (2.18) and (2.21), we obtain limn→∞ ‖xn− Tixn‖ = 0 for i = 1, 2, . . . , r . So the proof is completed. 
Theorem 1. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E which is also a
nonexpansive retract of E. Let Ti : K → E (i = 1, 2, . . . , r) be nonself asymptotically nonexpansive mappings of E with
sequences {kn} ⊂ [1,∞) such that∑∞n=1(kn−1) <∞, andri=1 F(Ti) ≠ ∅. Suppose that {ani}, {bni} and {µni} are appropriate
sequences in [0, 1] and {wni} are bounded sequences in K such that∑∞n=1 µni <∞. For an arbitrary x1 ∈ K , define the sequences{xn} and {yn} by the recursion (1.11). Suppose that one of Ti (i = 1, 2, . . . , r) is completely continuous (without loss of generality,
we assume that T1 is completely continuous) and
(i) 0 < lim infn→∞ anr < lim supn→∞ anr < 1
(ii) 0 < lim infn→∞ anj < lim supn→∞(anj + bnj + µnj) < 1 for j = 1, 2, 3, . . . , r − 1.
Then the sequence {xn} converges strongly to some common fixed point of Ti (i = 1, 2, . . . , r).
Proof. By Lemma 5, the sequence {xn} is bounded. In addition, by Lemma 7; limn→∞ ‖xn − Tixn‖ = 0 for i = 1, 2, . . . , r;
and so {Tixn} is also bounded. For i = 1, and since T1 is completely continuous, there exists a subsequence {xnj}of {xn} such
that T1xnj → x∗ as j →∞. Then, by Lemma 3, we have
0 ≤ ‖xnj − x∗‖ ≤ ‖xnj − T1xnj‖ + ‖T1xnj − x∗‖ → 0, as j →∞.
Hence, limj→∞ xnj = x∗, and since limn→∞ ‖xn − Tixn‖ = 0, we get T1x∗ = x∗ (i = 1, 2, . . . , r). Thus, x∗ ∈
r
i=1 F(Ti) by
(2.5) and Lemma 1(ii), we have limn→∞ ‖xn − x∗‖ = 0. 
Theorem 2. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E which is also a
nonexpansive retract of E. Let Ti : K → E (i = 1, 2, . . . , r) be nonself asymptotically nonexpansive mappings of E with
sequences {kn} ⊂ [1,∞) such that∑∞n=1(kn−1) <∞, andri=1 F(Ti) ≠ ∅. Suppose that {ani}, {bni} and {µni} are appropriate
sequences in [0, 1] and {wni} are bounded sequences in K such that∑∞n=1 µni <∞. For an arbitrary x1 ∈ K , define the sequences
{xn} and {yn} by the recursion (1.11). Assume that Ti satisfy condition (A′) and
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(i) 0 < lim infn→∞ anr < lim supn→∞ anr < 1
(ii) 0 < lim infn→∞ anj < lim supn→∞(anj + bnj + µnj) < 1 for j = 1, 2, 3, . . . , r − 1.
Then the sequence {xn} converges strongly to some common fixed point of Ti (i = 1, 2, . . . , r).
Proof. Let x∗ ∈ ri=1 F(Ti). By Lemma 5, we know that limn→∞ ‖xn − x∗‖ exists. Suppose limn→∞ ‖xn − x∗‖ = t . If t = 0,
then the result holds obviously. Now, we suppose t > 0. By Lemma 5,
‖xn+1 − x∗‖ ≤ (1+ δn)‖xn − x∗‖ for n ≥ 1, (2.22)
where δn = krn − 1, and
∑∞




























By Lemma 1, limn→∞ d(xn+1,
r










































Now, we can take a subsequence {xnj}of {xn} and sequence {yj} ⊂
r
i=1 F(Ti) such that ‖xnj−yj‖ < 2−j for all integers j ≥ 1.
Using the method of Tan and Xu [14], we obtain
‖xnj+1 − yj‖ ≤ ‖xnj − yj‖ < 2−j, (2.27)
and hence,
‖ynj+1 − yj‖ ≤ ‖ynj+1 − xnj+1‖ + ‖xnj+1 − yj‖ ≤ 2−(j+1) + 2−j < 2−j+1. (2.28)
Wehave that {yj} is a Cauchy sequence inri=1 F(Ti) and so it converges. Let yj → y. Sinceri=1 F(Ti) is closed, y ∈ri=1 F(Ti)
and then xnj → y. Since limn→∞ ‖xn − x∗‖ exists, xn → y ∈
r
i=1 F(Ti). This completes the proof. 
Theorem 3. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E which is also a
nonexpansive retract of E. Let Ti : K → E (i = 1, 2, . . . , r) be nonself asymptotically nonexpansive mappings of E with
sequences {kn} ⊂ [1,∞) such that∑∞n=1(kn−1) <∞, andri=1 F(Ti) ≠ ∅. Suppose that {ani}, {bni} and {µni} are appropriate
sequences in [0, 1] and {wni} are bounded sequences in K such that∑∞n=1 µni <∞. For an arbitrary x1 ∈ K , define the sequences{xn} and {yn} by the recursion (1.11). Assume that Ti satisfy Opial’s condition and
(i) 0 < lim infn→∞ anr < lim supn→∞ anr < 1
(ii) 0 < lim infn→∞ anj < lim supn→∞(anj + bnj + µnj) < 1 for j = 1, 2, 3, . . . , r − 1.
Then the sequence {xn} converges weakly to a common fixed point of Ti (i = 1, 2, . . . , r).
Proof. Let x∗ ∈ ri=1 F(Ti). By Lemma 5, we know that limn→∞ ‖xn − x∗‖ exists and {xn} is bounded. Now, we show that{xn} has a unique weak subsequential limit inri=1 F(Ti) ≠ ∅. First of all, suppose that subsequences {xnk} and {xnj} of {xn}
converge weakly to x∗1 and x
∗
2 , respectively. By Lemma 7, we have limn→∞ ‖xnk − T1xnk‖ = 0. Also, Lemma 3 guarantees
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that (I − T1)x∗1 = 0, that is, T1x∗1 = x∗1 . Similarly, Tix∗1 = x∗1 (i = 1, 2, . . . , r). Again, in the same way we can show that
x∗2 ∈
r
i=1 F(Ti). Secondly, by using Lemma 4, assume that x
∗
1 ≠ x∗2 , then by Opial’s condition, we have
lim
n→∞ ‖xn − x
∗
1‖ = limk→∞ ‖xnk − x
∗




n→∞ ‖xn − x
∗
1‖, (2.29)
which is a contradiction, hence, x∗1 = x∗2 . Then, {xn} converges weakly to a common fixed point of the family Ti (i = 1,
2, . . . , r). 
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